Abstract. We extend and apply a previously developed method for a semiclassical treatment of a system with large spin S. A multisite Heisenberg Hamiltonian is transformed into an effective classical Hamilton function which can be treated by standard methods for classical systems. Quantum effects enter in form of multispin interactions in the Hamilton function. The latter is written in the form of an expansion in powers of J/(T S), where J is the coupling constant. Main ingredients of our method are spin coherent states and cumulants. Rules and diagrams are derived for computing cumulants of groups of operators entering the Hamiltonian. The theory is illustrated by calculating the quantum corrections to the free energy of a Heisenberg chain which were previously computed by a Wigner-Kirkwood expansion. 
Introduction
Quantum effects in systems with localized spins depend on the size of the spin S. They are strongest for S = 1/2 while systems behave classically in the limit S → ∞. There are, however, numerous compounds having intermediate or high spin values, which we would like to treat semiclassically, i.e., classically with quantum corrections expanded in powers of 1/S. Different proposals have been made in the past how this can be achieved [1, 2] . We have recently suggested a method by which we can derive effective classical Hamilton functions for spin Hamiltonians by using spin coherent states and cumulants [3] . The quantum partition function is thereby replaced by a classical one, and the trace over a complete set of quantum states is replaced by an integration over the classical spin vectors. The mathematical structure of these two objects is quite different, and the transition from one to the other was investigated by Lieb [4] who obtained upper and lower bounds for the quantum partition function for large S. He did not consider the 1/S corrections to the classical partition function which are discussed here.
The previous paper [3] dealt with one-and two-spin systems and their semiclassical description when S is large. Here we extend these calculations to a many-spin system. The necessary formalism is described in Section 2. The method is applied in Section 3 to the Heisenberg Hamiltonian in an applied magnetic field first stating the rules for evaluating the required cumulants. As we will a e-mail: garanin@mpipks-dresden.mpg.de show this can be done by means of a diagrammatic technique. The explicit form of the corresponding classical Hamilton function is derived in Section 4.
All terms of order J[J/(T S)]
2 /S n with n = 0, 1, 2 are included in the effective Hamilton function. Obviously, the semiclassical description of large-spin systems breaks down in the lowtemperature limit, where quantization of energy levels becomes important. To check the method, we use in Section 6 our effective Hamilton function in order to calculate the free energy and other thermodynamic properties of a spin chain to order 1/S 2 . These results were previously computed by a Wigner-Kirkwood expansion without using effective classical Hamiltonians. Section 7 contains a discussion and the conclusions.
Spin coherent states and cumulants
To achieve our goal, we use two theoretical tools. The first one is the coherent-state representation of quantumstatistical averages. On each lattice site i, we introduce spin coherent states |n i , i.e., states with the maximal projection on the axis pointing in the direction of the unit vector n i . The direct product of these states |{n i } approaches the "classical" state of the spin system in the limit S → ∞. On the other hand, the basis of coherent states is complete (and even overcomplete), so that it contains all quantum states. The quantum-statistical averages of the system can be rewritten in the coherent-state basis 
Therefore the partition function for a many-spin quantum HamiltonianĤ can be written as
where β ≡ 1/T . It has the same form as the one for classical systems, provided one defines the effective classical Hamilton function H by the relation
Here the superscript c denotes the cumulant of a matrix element (see below). Cumulants constitute the second theoretical tool used in this paper. The above formula is exact for any quantum spin system. In the limit S → ∞, H reduces to the usual classical Hamiltonian. A mathematically rigorous treatment of this limiting transition can be found in Lieb's paper, reference [4] Here we will obtain quantum corrections to the classical Hamiltonian using a systematic 1/S expansion for S 1. In the same context, a technique using partial differential equations for the density matrix was applied in reference [1] . But an explicit derivative-free expression for the effective classical Hamiltonian was obtained in reference [1] only for the spin-chain model under the condition that neigbouring spins are nearly collinear. The method presented here does not use derivatives and yields explicit results for any lattice.
The effective Hamilton function is obtained in form of a cumulant expansion by expanding in equation (4) the operator exp(−βĤ). It is worth noting a basic relation between semiclassical theory and cumulants. A characteristic property of quantum mechanics is that the expectation value of a product A 1 A 2 of two observables with respect to a quantum state |ψ is generally distinct from the product of the expectation values of A 1 and A 2 . The difference is just the cumulant, i.e.,
